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Motivation
Many interesting quantities to compute with 
LQCD which involve multiple hadrons in 
initial/final state
K ! ⇡⇡
B ! K⇤`+`� ! K⇡`+`�

pp ! de+⌫e
�⇡ ! ⇡⇡

�N ! � ! N⇡

SM/BSM

“calibrate the sun”

chiral dynamics

…



Motivation
Unlike the single hadron ground state 
spectrum or matrix elements, NO simple 
relation between finite-volume (FV) matrix-
elements and infinite-volume (∞V) transition 
amplitudes

We were motivated to determine a “master 
formula” with as few approximations as 
possible: in this work - focus on transition 
form-factors between (pseudo)-scalar states



Motivation

master formula: finite-volume matrix element of  a current that

���hE⇤f ,nfPf ;L|J̃ [J,P,|�|]
⇤µ (0,Pf �Pi)|E⇤i,0Pi;Li

��� =
1p

2E⇤i,0

rh
A†

⇤f ,nf ;⇤µ R⇤f ,nf A⇤f ,nf ;⇤µ

i

ha, Pf , JmJ ;1|J̃ [J,P,|�|]
⇤µ (0,Q;1)|Pi;1i = [A⇤µ;JmJ ]a (2⇡)3 �3(Pf �Pi �Q)

• can inject arbitrary four-momentum and angular momentum 
• includes all inelastic coupled channels, “a” 
• incorporates partial-wave mixing (from box and/or physics)

A column vector in angular-momentum/channel space
denotes the projection onto the finite volume irrep.      row ⇤f ⇤ µ

R⇤f ,nf matrix: related to the residues of  FV two-particle 
propagators of  state nf



1 and 2 hadron Correlators
C
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1 and 2 hadron Correlators
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

O⇤µ(x0,P, |P� k|, |k|) =
X

R2LG(P)

C(P⇤µ;Rk;R(P� k))'(x0, Rk)'̃(x0, R(P� k))

element of              , little group of  rotations leaving    invariantLG(P)R P

C(P⇤µ;Rk;R(P� k)) ⌘
⌦
⇤(P), µ

��⇤1({P� k}P), R(P� k);⇤2({k}P), Rk
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1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

+ ...
Z

dP0

2⇡

dk0
2⇡

eiP0(x0�y0){ }
k

P � k

The integration over k0 puts one 
hadron on-shell: 
The integration over P0 can not be 
performed until non-perturbatively 
summing over all diagrams

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

+ ...{ }Z
dP0

2⇡
eiP0(x0�y0) +

Bethe-Salpeter Kernel: 
explicit dependence upon 
off-shell scattering

...++= + +

= + P. V.
Related to the K-matrix 
Real part of  inverse 
scattering amplitude

{!k,~k}

Efree = !~k + !~P�~k
{iP0 � !k, ~P � ~k}

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons

= +A + +...

= + + +...H

= + + +...

= + +...+K

M i✏ i✏ i✏

P.V. P.V. P.V.

i✏ i✏ i✏

P.V. P.V. P.V.

= +A + +...

= + + +...H

= + + +...

= + +...+K

M i✏ i✏ i✏

P.V. P.V. P.V.

i✏ i✏ i✏

P.V. P.V. P.V.

K-matrix 
differs from infinite volume K-matrix only by terms exponentially 
suppressed by m𝜋L

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

{Z
dP0

2⇡
eiP0(x0�y0) + V + ... }+

Intermediate state can go on-shell 
and feel the boundary of  the box

power-law volume dependence 
(Lüscher)

V V=- P. V.

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

{Z
dP0

2⇡
eiP0(x0�y0) + V+

V + ...}V V +V V+

Poles of  this infinite series lead to quantization condition that determines 
spectrum of  interacting system

det[M(En)] = det
h
K(En) +

�
FV (En)

��1
i
= 0

Hansen and Sharpe PRD 86 (2012) 
Briceño and Davoudi PRD 88 (2013)

If  we only cared about the spectrum and scattering - we would be done - 
this is a generalization of  the Lüscher formula relating finite-volume energy 
levels to infinite volume scattering phase shifts

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

{Z
dP0

2⇡
eiP0(x0�y0) + V+

V + ...}V V +V V+

For our work - we also need to know the residues of  the poles

R⇤,n = adj[M(P0,M )] tr


adj[M(P0,M )]

@M(P0,M )

@P0,M

��1
�����
P0,M=E⇤,n

1

M(P0,M )
⌘ 1

det[M(P0,M )]
adj[M(P0,M )]adjugate of a matrix:

diverges at 
eigen-energies

finite at  
eigen-energies

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

{Z
dP0

2⇡
eiP0(x0�y0) + V+

V + ...}V V +V V+

= L3
X

n

e�E⇤,n(x0�y0) V †
O,⇤,n

R⇤,n

VO,⇤,n

A vector in angular momentum and 
open channels; encodes off-shell 
artifacts

Residue of two-particle 
propagator 

sum over “n” runs over all energies below the N>2 inelastic threshold

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons
C

(2)
⇤µ(x0 � y0,P) = h0|O⇤µ(x0,P)O†

⇤µ(y0,�P)|0i

{Z
dP0

2⇡
eiP0(x0�y0) + V+

V + ...}V V +V V+

)( )( V

V
V

generalize to coupled channels

Kim, Sachrajda and Sharpe 
Nucl.Phys. B727 (2005)



1 and 2 hadrons

for very nice example with coupled channels, !

see talk by David Wilson!

Monday: 15:35 Resonances in 𝜋-K scattering!

see also Dudek, Edwards, Thomas and Wilson!

arXiv:1406.4158



3 point correlation function
The construction of  the finite-volume matrix element follows 
very closely the construction of  the two-hadron correlation 

function

C

(1!2)
⇤fµf ;⇤µ(xf,0 � y0; y0 � xi,0) = h0|O⇤fµf (xf,0,Pf ) J̃ [J,P,|�|]

⇤µ (y0,Q) '†(xi,0,�Pi)|0i

Interpolating field optimized for 
two-hadron state in definite irrep.

Interpolating field optimized for 
one-hadron state

Current subduced onto the Λ irrep. of Oh

see Thomas, Edwards and Dudek Phys.Rev. D85 (2012)



3 point correlation function
C

(1!2)
⇤fµf ;⇤µ(xf,0 � y0; y0 � xi,0) = h0|O⇤fµf (xf,0,Pf ) J̃ [J,P,|�|]

⇤µ (y0,Q) '†(xi,0,�Pi)|0i

+ ...{ }Z
dP

f,0

2⇡

dP
f,0

2⇡
eiPi,0(xf,0�y0)eiPf,0(y0�xi,0)

+= + + ...

Full transition amplitude:

= + + +...H P.V. P.V. P.V.

LO transition amplitude:

Similar to K-matrix



3 point correlation function
C

(1!2)
⇤fµf ;⇤µ(xf,0 � y0; y0 � xi,0) = h0|O⇤fµf (xf,0,Pf ) J̃ [J,P,|�|]

⇤µ (y0,Q) '†(xi,0,�Pi)|0i

+ ...{ }Z
dP

f,0

2⇡

dP
f,0

2⇡
eiPi,0(xf,0�y0)eiPf,0(y0�xi,0)

= +A + +...

= + + +...H

= + + +...

= + +...+K

M i✏ i✏ i✏

P.V. P.V. P.V.

i✏ i✏ i✏

P.V. P.V. P.V.= +A + +...

= + + +...H

= + + +...

= + +...+K

M i✏ i✏ i✏

P.V. P.V. P.V.

i✏ i✏ i✏

P.V. P.V. P.V.

Similar to K-matrix



3 point correlation function
C

(1!2)
⇤fµf ;⇤µ(xf,0 � y0; y0 � xi,0) = h0|O⇤fµf (xf,0,Pf ) J̃ [J,P,|�|]

⇤µ (y0,Q) '†(xi,0,�Pi)|0i

+

...
{

}
Z

dP
f,0

2⇡

dP
f,0

2⇡
eiPi,0(xf,0�y0)eiPf,0(y0�xi,0)

+ +

V

V V

V V=- P. V.

Power-law volume corrections from on-
shell intermediate states



3 point correlation function
C

(1!2)
⇤fµf ;⇤µ(xf,0 � y0; y0 � xi,0) = h0|O⇤fµf (xf,0,Pf ) J̃ [J,P,|�|]

⇤µ (y0,Q) '†(xi,0,�Pi)|0i

+

...
{

}
Z

dP
f,0

2⇡

dP
f,0

2⇡
eiPi,0(xf,0�y0)eiPf,0(y0�xi,0)

+ +

V

V V

=

✓
e�(y0�xi,0)E⇤i,0

2E⇤i,0

◆
L3

1X

nf=0

e�E⇤f ,nf
(xf,0�y0) V †

O,⇤fµf
R⇤f ,nf H⇤f ,nf ;⇤µ

to extract the matrix element of interest - one must take the ratio of the 3-point 
function to 1- and 2-point correlation functions (using same interpolating operators)

��hE�f ,nfPf |J (0,Q)|E�i,0Pii
�� = 1p

2E�i,0

q
HT

�f ,nf
R�f ,nf H�f ,nf

“after a little work” (and simultaneously beer and coffee)



3 point correlation function

to get the master formula, 

��hE�f ,nfPf |J (0,Q)|E�i,0Pii
�� = 1p

2E�i,0

q
HT

�f ,nf
R�f ,nf H�f ,nf

19

We denote the nonzero eigenvalue of R⇤
f

,µ
f

by � and the corresponding eigenvector, E. We also introduce E1, E2, · · ·
as the remaining orthonormal set that is annihilated by R⇤

f

,n
f

. These eigenvectors span the space, so we may
substitute V(a)

= cE +

P

ciEi and deduce
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;⇤µ E
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, (93)
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f
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;⇤µ �EE† H⇤
f

,n
f

;⇤µ

i

, (94)

where in the first line we acted R⇤
f

,n
f

on each eigenvector, in the second line we canceled common factors and inserted
a redundant trace, and in the third we used the cyclic property of the trace. Observing finally that

R⇤
f

,n
f

= �EE† , (95)

we conclude
�
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hE⇤
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,n
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⇤µ (0,Pf � Pi)|E⇤
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,0Pi; Li
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2E⇤
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i

. (96)

C. Relation of H to infinite-volume matrix elements

In this section we relate H⇤
f

,n
f

;⇤µ;Jm
J

= H⇤
f

;⇤µ;Jm
J

(E⇤
⇤

f

,n
f

) to infinite-volume matrix elements. Here we have
given the full set of indices including JmJ = lm, which was suppressed in the steps above. We have also emphasized
that the label nf only refers to the particular two-particle pole at which the transition amplitude is evaluated. Finally,
we stress that the subscript ⇤f on H indicates that the angular momentum space has been projected onto a finite-
volume irrep. For example in the case of ⇤f = A+

1 the transition amplitude will include J = 0, J = 4 and certain
higher waves, but not, for example J = 2, J = 3. However by considering different irreps one can in principal sample
all partial waves, and so construct an unprojected vector H⇤µ;Jm

J

.
To give the relation to physical matrix elements, we first connect this transition amplitude, defined using principal-

value prescription, to the amplitude defined via i✏ prescription. We label the latter A⇤µ;Jm
J

. Both amplitudes are
explicitly shown in Fig. 5 and the relationship between the two is found by noting that the difference in each two-
particle loop is a simple kinematic factor, determined by the residue of the propagators at the poles. This is very
similar to the relation between K and M discussed above. We find

A = H + K
�

iP2/2

�

H + K
�
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K
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H + · · · =
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1

K�1 � (iP2/2)

�

K�1 H = M K�1 H. (97)

For systems where there is only a single channel present these are just scalars, otherwise these are matrices in the space
of open channels. Note that H is pure real and thus the phases of A are determined entirely by the strong interaction,
as encoded in K�1M. In the single channel case we see that the phase of A is equal to the elastic scattering phase of
the two-particle channel considered. Thus Eq. 97 is simply the generalization of Watson’s theorem for multichannel
systems. This relation motivates the definition

R⇤
f

,n
f

= [M�1† K R K M�1
]⇤

f

,n
f

, (98)

which allows us to compactly display our main result in terms of A, as in Eq. 2 above.
A⇤µ;Jm

J

is trivially related to the infinite-volume matrix element of the current. To see this, we first rewrite the
current ˜J [J,P,|�|]

⇤µ (x0,Q), Eq. 77, in infinite volume and set x0 = 0,
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We denote the nonzero eigenvalue of R⇤
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where in the first line we acted R⇤
f
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f

on each eigenvector, in the second line we canceled common factors and inserted
a redundant trace, and in the third we used the cyclic property of the trace. Observing finally that
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C. Relation of H to infinite-volume matrix elements
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= H⇤
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,n
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) to infinite-volume matrix elements. Here we have
given the full set of indices including JmJ = lm, which was suppressed in the steps above. We have also emphasized
that the label nf only refers to the particular two-particle pole at which the transition amplitude is evaluated. Finally,
we stress that the subscript ⇤f on H indicates that the angular momentum space has been projected onto a finite-
volume irrep. For example in the case of ⇤f = A+

1 the transition amplitude will include J = 0, J = 4 and certain
higher waves, but not, for example J = 2, J = 3. However by considering different irreps one can in principal sample
all partial waves, and so construct an unprojected vector H⇤µ;Jm

J

.
To give the relation to physical matrix elements, we first connect this transition amplitude, defined using principal-

value prescription, to the amplitude defined via i✏ prescription. We label the latter A⇤µ;Jm
J

. Both amplitudes are
explicitly shown in Fig. 5 and the relationship between the two is found by noting that the difference in each two-
particle loop is a simple kinematic factor, determined by the residue of the propagators at the poles. This is very
similar to the relation between K and M discussed above. We find
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For systems where there is only a single channel present these are just scalars, otherwise these are matrices in the space
of open channels. Note that H is pure real and thus the phases of A are determined entirely by the strong interaction,
as encoded in K�1M. In the single channel case we see that the phase of A is equal to the elastic scattering phase of
the two-particle channel considered. Thus Eq. 97 is simply the generalization of Watson’s theorem for multichannel
systems. This relation motivates the definition

R⇤
f

,n
f

= [M�1† K R K M�1
]⇤

f

,n
f

, (98)

which allows us to compactly display our main result in terms of A, as in Eq. 2 above.
A⇤µ;Jm

J

is trivially related to the infinite-volume matrix element of the current. To see this, we first rewrite the
current ˜J [J,P,|�|]

⇤µ (x0,Q), Eq. 77, in infinite volume and set x0 = 0,

˜J [J,P,|�|]
⇤µ (0,Q; 1) =

N
X

a

⇠a

ˆ
d4Pf

(2⇡)

4

d4Pi

(2⇡)

4

d4k

(2⇡)

4
'̄†

a(�Pf + k) '̃†
a(�k) '(Pi) h

[J,P,|�|]
⇤µ (Pi, Pf � k, k, a)

⇥(2⇡)

3�3
(Pf � Pi � Q). (99)

P diagonal, kinematic 
matrix

���hE⇤f ,nfPf ;L|J̃ [J,P,|�|]
⇤µ (0,Pf �Pi)|E⇤i,0Pi;Li

��� =
1p

2E⇤i,0

rh
A†

⇤f ,nf ;⇤µ R⇤f ,nf A⇤f ,nf ;⇤µ

i

master formula: finite-volume matrix element of  a current that
• can inject arbitrary four-momentum and angular momentum 
• includes all inelastic coupled channels, “a” 
• incorporates partial-wave mixing (from box and/or physics)



3 point correlation function

to get the master formula, 
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given the full set of indices including JmJ = lm, which was suppressed in the steps above. We have also emphasized
that the label nf only refers to the particular two-particle pole at which the transition amplitude is evaluated. Finally,
we stress that the subscript ⇤f on H indicates that the angular momentum space has been projected onto a finite-
volume irrep. For example in the case of ⇤f = A+

1 the transition amplitude will include J = 0, J = 4 and certain
higher waves, but not, for example J = 2, J = 3. However by considering different irreps one can in principal sample
all partial waves, and so construct an unprojected vector H⇤µ;Jm

J

.
To give the relation to physical matrix elements, we first connect this transition amplitude, defined using principal-

value prescription, to the amplitude defined via i✏ prescription. We label the latter A⇤µ;Jm
J

. Both amplitudes are
explicitly shown in Fig. 5 and the relationship between the two is found by noting that the difference in each two-
particle loop is a simple kinematic factor, determined by the residue of the propagators at the poles. This is very
similar to the relation between K and M discussed above. We find
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For systems where there is only a single channel present these are just scalars, otherwise these are matrices in the space
of open channels. Note that H is pure real and thus the phases of A are determined entirely by the strong interaction,
as encoded in K�1M. In the single channel case we see that the phase of A is equal to the elastic scattering phase of
the two-particle channel considered. Thus Eq. 97 is simply the generalization of Watson’s theorem for multichannel
systems. This relation motivates the definition
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which allows us to compactly display our main result in terms of A, as in Eq. 2 above.
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given the full set of indices including JmJ = lm, which was suppressed in the steps above. We have also emphasized
that the label nf only refers to the particular two-particle pole at which the transition amplitude is evaluated. Finally,
we stress that the subscript ⇤f on H indicates that the angular momentum space has been projected onto a finite-
volume irrep. For example in the case of ⇤f = A+

1 the transition amplitude will include J = 0, J = 4 and certain
higher waves, but not, for example J = 2, J = 3. However by considering different irreps one can in principal sample
all partial waves, and so construct an unprojected vector H⇤µ;Jm
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.
To give the relation to physical matrix elements, we first connect this transition amplitude, defined using principal-

value prescription, to the amplitude defined via i✏ prescription. We label the latter A⇤µ;Jm
J

. Both amplitudes are
explicitly shown in Fig. 5 and the relationship between the two is found by noting that the difference in each two-
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For systems where there is only a single channel present these are just scalars, otherwise these are matrices in the space
of open channels. Note that H is pure real and thus the phases of A are determined entirely by the strong interaction,
as encoded in K�1M. In the single channel case we see that the phase of A is equal to the elastic scattering phase of
the two-particle channel considered. Thus Eq. 97 is simply the generalization of Watson’s theorem for multichannel
systems. This relation motivates the definition
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higher waves, but not, for example J = 2, J = 3. However by considering different irreps one can in principal sample
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To give the relation to physical matrix elements, we first connect this transition amplitude, defined using principal-

value prescription, to the amplitude defined via i✏ prescription. We label the latter A⇤µ;Jm
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. Both amplitudes are
explicitly shown in Fig. 5 and the relationship between the two is found by noting that the difference in each two-
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that the label nf only refers to the particular two-particle pole at which the transition amplitude is evaluated. Finally,
we stress that the subscript ⇤f on H indicates that the angular momentum space has been projected onto a finite-
volume irrep. For example in the case of ⇤f = A+

1 the transition amplitude will include J = 0, J = 4 and certain
higher waves, but not, for example J = 2, J = 3. However by considering different irreps one can in principal sample
all partial waves, and so construct an unprojected vector H⇤µ;Jm
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.
To give the relation to physical matrix elements, we first connect this transition amplitude, defined using principal-

value prescription, to the amplitude defined via i✏ prescription. We label the latter A⇤µ;Jm
J

. Both amplitudes are
explicitly shown in Fig. 5 and the relationship between the two is found by noting that the difference in each two-
particle loop is a simple kinematic factor, determined by the residue of the propagators at the poles. This is very
similar to the relation between K and M discussed above. We find
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For systems where there is only a single channel present these are just scalars, otherwise these are matrices in the space
of open channels. Note that H is pure real and thus the phases of A are determined entirely by the strong interaction,
as encoded in K�1M. In the single channel case we see that the phase of A is equal to the elastic scattering phase of
the two-particle channel considered. Thus Eq. 97 is simply the generalization of Watson’s theorem for multichannel
systems. This relation motivates the definition
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which allows us to compactly display our main result in terms of A, as in Eq. 2 above.
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Note that we still label the current by ⇤µ. The linear combinations that relate this basis to more standard infinite-
volume bases are discussed above and are perfectly well defined, even though the finite-volume symmetry group does
not play a role at this stage. Requiring only that states are normalized accordion to the standard infinite-volume
relativistic convention (Eq. 8) and also that the single-particle operators have propagators with unit residue (Eq. 7)
one arrives at Eq. 3.

D. Examples of applications of Eq. 96

1. K ! ⇡⇡ decay amplitude

First, we demonstrate that this formalism properly recovers the well known result for K ! ⇡⇡ weak decay. In
this case, the initial state is a single kaon and external current is a pseudoscalar. Furthermore, the current cannot
inject any momentum, as a result Pf = Pi. By conservation of angular momentum, the infinite volume current can
only create a two-pion state in an S-wave. For a finite volume system we restrict ourselves to irreps that have strong
overlap with S-wave and we neglect higher partial wave contributions. Within this approximation, one can easily find
the following relationship between the absolute value of the infinite volume transition amplitude and the finite volume
matrix element of the current
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For the problem at hand Ei is equal to the energy of the incoming kaon and the symmetry factor ⇠ is equal to 1/2.
If one wishes, it is straight forward to replace the derivative with respect of the total energy with a derivative with
respect of the relative momentum. It is a simply exercise to check using Eq. 97 that in fact |HS,n

f

cos �S | = |AS,n
f

|
which assures that this result agrees with Refs. [25, 36, 37, 82] in the limit that the initial and final state are exactly
degenerate. Note that by inserting a current at a specific time slice, the current need not conserve energy and
this result reflects that fact. We observe that the dependence of the Y, defined in Eq. 43, exactly cancels between
the numerator and denominator of Eq. 86. This is significant since these encoded not only information regarding
the off-shell scattering amplitude but also dependence of the higher poles which lead to uncalculated corrections of
O
�

|E⇤,n � 4m⇡|�1
�

. Also, the result is independent of the Clebsch-Gordan coefficients used in the construction of
the two-particle interpolating operators, Eq. 13.

2. ⇡� ! ⇡⇡ form factor

Unlike the previous example, for a process such as ⇡� ! ⇡⇡ the external current can inject arbitrary momentum.
For such a process, the lowest energy configuration of the final state can be in is a P-wave. Therefore, it is expected
that the Lellouch-Lüscher factor gets modified. Since the two particles in the final state are degenerate, odd and even
partial waves cannot mix. By ignoring contamination from the F-wave and using the results of Section II B one finds
the generalization of the previous result for two particles in an P-wave,
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where ↵2m,T�
1

= 0 and the values of ↵2m,⇤
f

for other relevant irreps are given in Table II. Again, one may use Eq. 97
to replace |H⇤

f

µ
f

,n
f

;⇤µ cos �P | = |A⇤
f

µ
f

,n
f

;⇤µ| and set ⇠ = 1/2 for this case. One may observe that the right hand
side does not depend on the little group of the current or the single particle state. The right hand side effectively
corrects for the large finite volume artifacts associated with the two-particle state. Note that once again the subtleties
regarding off-shell dependence and the Clebsch-Gordan coefficients vanish for this result. This gives a one-to-one

mapping between the finite volume and infinite volume form factors for this process. That is to say, this result allows
one to determine via LQCD the same quantity that is extracted from experiments. If one chooses to evaluate this
form factor at the “⇢” pole in order to study processes such as ⇡� ! ⇢, one simply must analytically continue the form
factor onto the complex pole [86]. This simply requires parameterizing the form factor as function of the exchange
four momentum as well as the relative momentum between the two pions in the P-wave. By fitting this function to

Lellouch-Lüscher

|HS,nf cos �S | = |AS,nf |
Finite-Volume Matrix Element

Infinite-Volume Transition Amplitude
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that the difference between finite- and infinite-volume kernels is exponentially small in mL. In writing the Poisson
resummation formula the following notation has been introduced

"

1

L3

X

q

ˆ #

⌘
 

1

L3

X

q

�
ˆ

dq

(2⇡)

3

!

. (27)

By neglecting these corrections, the result discussed here holds for volumes satisfying m⇡L � 1. We will neglect any
terms in the correlation function that are exponentially suppressed with the mass of any of the two-particles in the
given channel since O(e�m

i

L
)  O(e�m

⇡

L
). These corrections have been previously determine for ⇡⇡ [127] and NN

systems [128] in an S-wave, as well as the ⇡⇡ system in a P-wave in Ref. [129, 130].
Higher order contributions to the correlation function can be readily evaluated by making the following replacement

� [K(P, k, k0
)]a,b �! �[TL(P, k, k0

)]a,b , (28)

where

� [TL(P, k, k0
)]a,b = �[K(P, k, k0

)]a,b +

ˆ
dl0
2⇡

⇠j

L3

X

l

[K(P, k, l)]a,jGj(l)Gj(P � l)[TL(P, l, k0
)]j,b , (29)

and the summation over the intermediate channel j is implicit.
A convenient expression for TL can be found utilizing the machinery developed by Kim, Sachrajda, and Sharpe [37].

In order to determine the finite-volume corrections to the correlation function, it is sufficient to know the difference
between finite-volume momentum sum and infinite-volume momentum integral acting on the two-particle poles. Using
a principal-value prescription to define the integral at the pole, we define

⇠j

"

1

L3

X

l

ˆ #

P.V.
[K(P, k, l)]a,j [K(P, l, k0

)]j,b

4 !1,P�l

!2,l(!1,P�l

+ !2,l � P0,M )

⌘ �[K⇤
off,onFV K⇤

on,off ]a,b + O(e�m
⇡

L
), (30)

where the c.m. kernel, K⇤
off,on, is the kernel for a system where the two incoming particles are evaluated on-shell,

while the outgoing particles are left off-shell. Here we have also introduced the Minkowski energy P0,M ⌘ �iP0.
Note, if one chooses to use an i✏ prescription for the propagator, this would lead to a second contribution to the right
hand side of Eq. 30 due to the residue of the infinite volume integral on the left hand side. This choice does not
affect our result for the finite-volume correlation function. In writing the right hand side, the kernels and the finite
volume function have been written as matrices over angular momentum. The matrix elements of FV in the spherical
harmonic basis are found to be [49, 50]

⇥

FV
j

⇤

lm
l

;l0m
l

0
= � ⇠j

8⇡P ⇤
0,M

2

4

X

l00,m00

(4⇡)

3/2

k⇤l00
j,on

cdl00m00(k⇤2
j,on; L)

ˆ
d⌦ Y ⇤

l,m
l

Y ⇤
l00,m00Yl0,m

l

0

3

5 . (31)

The function cdlm is defined as

cdlm(k⇤2
j ; L) =

p
4⇡

�L3

✓

2⇡

L

◆l�2

Zd
lm[1; (k⇤

j L/2⇡)

2
], Zd

lm[s; x2
] =

X

r2Pd

|r|lYl,m(r)

(r2 � x2
)

s
, (32)

where � = P0,M/P ⇤
0,M , the sum is performed over Pd =

�

r 2 R

3 | r = �̂�1
(m � ↵jd)

 

, m is a triplet integer, d is

the normalized boost vector d = PL/2⇡, ↵j =

1
2

h

1 +

m2
j,1�m2

j,2

P⇤2
0,M

i

[40, 41, 131], and �̂�1
x ⌘ ��1

x|| + x?, with x||(x?)

denoting the x component that is parallel(perpendicular) to the total momentum, P. In Appendix B we show the
generalization of this for asymmetric volumes with twisted boundary conditions.

The Bethe-Salpeter kernel can also be expressed as a matrix in angular momentum

K⇤
off,off (P ⇤

0 ,k⇤
i ,k

⇤
f ) = 4⇡

X

l,m
l

,l0,m
l

0

Ylm
l

(

ˆ

k

⇤
f )Y ⇤

l0m
l

0 (
ˆ

k

⇤
i ) [K⇤

off,off (P ⇤
0 , k⇤

i , k⇤
j )]lm

l

,l0m
l

0 . (33)

Here we consider a kernel in which both the initial and final states are off-shell. More precisely, we assume ki,0 = i!
k

i

and kf,0 = i!
k

f

, but no additional constraints. These constraints, which arise from contour integration as discussed,
do not give on-shell two-particle states since P0 �k0,i 6= !

P�k

i

and P0 �k0,f 6= !
P�k

f

. Nevertheless, it is still possible
to change to the c.m. frame, expressing the kernel in terms of (P ⇤

0 ,k⇤
i ,k

⇤
f ) as indicated above. Note further that the

matrix defined here via spherical-harmonic decomposition is diagonal. This follows from the rotational invariance of
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where Y⇤,n is the value of Y, Eq. 43, evaluated at the nth interactive two-particle pole. Here the sum over n runs over
a finite set of energies that lie below the next multi-particle threshold. We are constrained to this region because our
expression for the integrand of the P0 integral was only valid for a range of imaginary P0 as already discussed above.

By comparing this result to Eq. 19, we find that the matrix elements of the interpolating operators in general satisfy

h0|O⇤µ,a(0,P)|E⇤,nP; LihE⇤,nP; L|O⇤µ,b(0,P)|0i = L3 CT
⇤µ

h

Y⇤,n R⇤,n Y†
⇤,n

i

ab
CT

⇤µ (51)

and in the case that a = b it implies

|h0|O⇤µ,a(0,P)|E⇤,nP; Li| = L3/2

r

CT
⇤µ

h

Y⇤,n R⇤,n Y†
⇤,n

i

aa
C⇤

⇤µ, (52)

where the repeated indices in the right hand side are not summed. Equations 51 & 52 are the main results of this
section.

We now turn to applying this result to specific examples. In doing so we find it useful to introduce

N ?
⇤ ⌘ CT

⇤µC⇤
⇤µ = 4⇡

X

R,R02LG(P)

X

l,m
l

Ylm
l

(

dR0
k

⇤
) Y ⇤

lm
l

(

cRk

⇤
) C(P⇤µ; R0

(P � k); R0
k) C⇤

(P⇤µ; R(P � k); Rk). (53)

For the case where the system is not boosted or when the system is restricted to be in an S-wave, this reduces to
the number of elements in {k}

P

. Otherwise, this depends on the number of elements being summed as well as the
magnitude of the boost, the masses of the particles and the energy of the system. In all cases, the quantitiy can be
easily evaluated numerically once the Clebsch-Gordan coefficients have been determined. For the systems of interest,
these have been previously calculated in Ref. [77].

A. Single channel S-wave result

Here we consider the case where the orbital angular momentum is restricted to the S-wave. For this scenario to
formally be applicable, the irrep of interest has to have strong overlap with the S-wave and all higher contributions must
be vanishingly small. This is particularly relevant for the ⇡⇡ system near threshold. At rest the LO contamination
to the S-wave is due to l = 4 and in the moving frame the NLO contamination is due to l = 2, both of which are
suppressed at low energies. In this scenario M is a one by one matrix and its adjugate is one, using Eq. 50 one obtains
that the residue at the nth pole is

RS,n =

⇥

@M/@P0,M

⇤�1|P0,M=E⇤,n

=



8⇡E⇤
n

⇠q⇤
n

1

cos

2 �S

⇥@(�S + �00)

@P0,M

⇤

|P0,M=E⇤,n

��1

, (54)

where we have introduced the pseudophase �d

lm with (lm) angular momentum in the moving frame

q⇤
⇤,n cot �d

lm = � 4⇡

q⇤l
⇤,n

cdlm(q⇤2
⇤,n; L). (55)

As seen in Eq. 52, the overlap of two body interpolating operator also depends on the off-shell K-matrix, where either
the incoming state or outgoing is on-shell while the other state remains off-shell. In general, in this limit the lth
spherical harmonic decomposition of the K-matrix can be written as a function of the total energy and momentum
of the system and the magnitude of the off-shell momentum in the c.m. frame, Kl,off,on[(E,P), p⇤

off ]. For instance,
when the system has zero boost, then p⇤

off would corresponding to a free momentum 2⇡|n|/L, where n is an integer
triplet. Similarly, one can define the spherical harmonic decomposition of the Y Eq. 43. By suppressing the arguments
of these quantities and considering the limit where only the S-wave contributes, we find the following overlap for the
two-body operator with the nth eigenstates of the finite volume Hamiltonian

|h0|O⇤µ(0,P)|E⇤,nP; Li| = L3/2

 

⇠q⇤
n

8⇡E⇤
n

N ?
⇤ YS Y†

S cos

2 �S
⇥

@(�S + �00)/@P0,M

⇤

|P0,M=E⇤,n

!1/2

. (56)

We note that the off-shell functions, strongly depend on the operator used in the determination of the correlation
function, but as will be shown in Section III, the exact form of these functions do not matter. What does matter is
that one uses the same two-body operators for the two-point correlation functions as in the three-point correlation
functions. It is only in this case that the dependence on the off-shell scattering amplitudes cancels. When restricted
to the S-wave channel, N ?

⇤ is just equal to the number of momenta being summed over. Although it might be naively

pseudo-phase

(Euler)-Reimann-zeta Function

Need to know phase shift 
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Note that we still label the current by ⇤µ. The linear combinations that relate this basis to more standard infinite-
volume bases are discussed above and are perfectly well defined, even though the finite-volume symmetry group does
not play a role at this stage. Requiring only that states are normalized accordion to the standard infinite-volume
relativistic convention (Eq. 8) and also that the single-particle operators have propagators with unit residue (Eq. 7)
one arrives at Eq. 3.

D. Examples of applications of Eq. 96

1. K ! ⇡⇡ decay amplitude

First, we demonstrate that this formalism properly recovers the well known result for K ! ⇡⇡ weak decay. In
this case, the initial state is a single kaon and external current is a pseudoscalar. Furthermore, the current cannot
inject any momentum, as a result Pf = Pi. By conservation of angular momentum, the infinite volume current can
only create a two-pion state in an S-wave. For a finite volume system we restrict ourselves to irreps that have strong
overlap with S-wave and we neglect higher partial wave contributions. Within this approximation, one can easily find
the following relationship between the absolute value of the infinite volume transition amplitude and the finite volume
matrix element of the current

|HS,n
f

cos �S |2

|h⇡⇡, En
f

P, ⇤fµf ; L| ˜J [0,�1,|0|]
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f

. (100)

For the problem at hand Ei is equal to the energy of the incoming kaon and the symmetry factor ⇠ is equal to 1/2.
If one wishes, it is straight forward to replace the derivative with respect of the total energy with a derivative with
respect of the relative momentum. It is a simply exercise to check using Eq. 97 that in fact |HS,n

f

cos �S | = |AS,n
f

|
which assures that this result agrees with Refs. [25, 36, 37, 82] in the limit that the initial and final state are exactly
degenerate. Note that by inserting a current at a specific time slice, the current need not conserve energy and
this result reflects that fact. We observe that the dependence of the Y, defined in Eq. 43, exactly cancels between
the numerator and denominator of Eq. 86. This is significant since these encoded not only information regarding
the off-shell scattering amplitude but also dependence of the higher poles which lead to uncalculated corrections of
O
�

|E⇤,n � 4m⇡|�1
�

. Also, the result is independent of the Clebsch-Gordan coefficients used in the construction of
the two-particle interpolating operators, Eq. 13.

2. ⇡� ! ⇡⇡ form factor

Unlike the previous example, for a process such as ⇡� ! ⇡⇡ the external current can inject arbitrary momentum.
For such a process, the lowest energy configuration of the final state can be in is a P-wave. Therefore, it is expected
that the Lellouch-Lüscher factor gets modified. Since the two particles in the final state are degenerate, odd and even
partial waves cannot mix. By ignoring contamination from the F-wave and using the results of Section II B one finds
the generalization of the previous result for two particles in an P-wave,
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, (101)

where ↵2m,T�
1

= 0 and the values of ↵2m,⇤
f

for other relevant irreps are given in Table II. Again, one may use Eq. 97
to replace |H⇤

f

µ
f

,n
f

;⇤µ cos �P | = |A⇤
f

µ
f

,n
f

;⇤µ| and set ⇠ = 1/2 for this case. One may observe that the right hand
side does not depend on the little group of the current or the single particle state. The right hand side effectively
corrects for the large finite volume artifacts associated with the two-particle state. Note that once again the subtleties
regarding off-shell dependence and the Clebsch-Gordan coefficients vanish for this result. This gives a one-to-one

mapping between the finite volume and infinite volume form factors for this process. That is to say, this result allows
one to determine via LQCD the same quantity that is extracted from experiments. If one chooses to evaluate this
form factor at the “⇢” pole in order to study processes such as ⇡� ! ⇢, one simply must analytically continue the form
factor onto the complex pole [86]. This simply requires parameterizing the form factor as function of the exchange
four momentum as well as the relative momentum between the two pions in the P-wave. By fitting this function to

|H⇤fµf ,nf ;⇤µ cos �P | = |A⇤fµf ,nf ;⇤µ|
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Horgan, Liu, Meinel, Wingate: PRL 112 (2014)!

PRD 89 (2014)

1. Calculation treated K* as stable - need to use correct 
FV formalism - includes S-P wave mixing (this is all 
treated in our paper arXiv:1406.5965)!

2. I=1/2 K𝜋 scattering has “quark disconnected” graphs: 
this means the staggered action will give rise to 
unitarity violating “haripin” interactions in the S-
channel graphs, invalidating the Lüscher formalism for 
understanding the two-hadron spectrum
I believe the hairpin issue makes the calculation 
practically impossible - at least with our current 

understanding of scattering with PQ effects!



Conclusions
we have extended the Lellouch-Lüscher method to determine 
a “master formula” describing the mapping between finite-
volume matrix element calculations and the corresponding 
infinite volume transition amplitudes of  a current that
• can inject arbitrary four-momentum and angular momentum 
• includes all inelastic coupled channels 
• incorporates partial-wave mixing (from box and/or physics)

This new formalism is very powerful and makes as few 
approximations as possible: it is model-independent, non-
perturbative and valid below inelastic thresholds



Thanks
I would like to particularly thank my younger colleagues who 
“held my hand” as I learned how to think of  these problems 
in this “modern” fashion

Raúl Briceño 
Max Hansen

Thank You


